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We define quantum observables associated with Einstein
localisation in space-time. These observables are built on
Poincare´ and dilatation generators. Their commutators are
given by spin observables defined from the same symmetry
generators. Their shifts under transformations to uniformly
accelerated frames are evaluated through algebraic compu-
tations in conformal algebra. Spin number is found to vary
under such transformations with a variation involving further
observables introduced as irreducible quadrupole momenta.
Quadrupole observables may be dealt with as non commu-
tative polarisations which allow one to define step operators
increasing or decreasing the spin number by unity.
I. INTRODUCTION
In quantum field theory as well as in classical physics,
space-time parameters are introduced a priori, i.e. be-
fore the definition of any other fundamental physical no-
tions. It should however be obvious that space-time is
itself a physical notion which has to be confronted with
the necessity of realising time and space standards and of
comparing time and space intervals. These realisations
and comparisons have to rely on physical systems and,
ultimately, on the laws of physics. It was clearly demon-
strated by Einstein [1] that such a physical conception of
space-time has drastic consequences gathered under the
general denomination of relativistic effects. This concep-
tion as well as its relativistic consequences play nowadays
a key role in the metrological realisation of space-time
units [2] as well as in the definition of reference systems
[3,4].
A first step in a constructive approach to space-time is
the definition of localisation procedures. In order to de-
scribe physical phenomena localised in space and time,
it is indeed necessary to have the ability to define event
times at different locations in space and, then, to estab-
lish relations between these event times. These two re-
quirements may be respectively termed as time definition
and time transfer or, alternatively, as clock realisation
and clock synchronisation. Introductory presentations of
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relativity, as well as now existing practical localisation
systems such as the Global Positioning System [5], are
based on time transfers between remote observers ex-
changing electromagnetic signals. The electromagnetic
field is thus used as a support to encode a time reference
used for comparing clock indications. A localisation pro-
cedure may then be built as the result of several time
transfers. These constructions clearly rely on the exis-
tence of a universal field propagation velocity, the veloc-
ity of light c. In other words, the relativistic notion of
space-time is ultimately based upon the symmetries of
field propagation.
In particular, faithfulness of synchronisation proce-
dures requires that the references be defined from observ-
ables preserved by propagation. Localisation in space-
time should therefore be built on the conserved quantities
associated with symmetries of field propagation. On an-
other hand, these symmetries constitute the fundamen-
tal expression of relativistic laws determining the effects
of space-time transformations between moving frames.
They also play a primary role in metrology. Translation
symmetry allows one to transport metrological standards
from one place to another. Lorentz symmetry permits
one to use standards in different inertial frames and to
derive a length unit from the time unit. These discus-
sions look familiar since the invariance of Maxwell equa-
tions under Poincare´ transformations played a prime role
in Einstein’s introduction of relativitistic theories. The
role played by dilatation is less often discussed although
the invariance of Maxwell equations under dilatations has
been known for a long time [6]. Dilatations are naturally
involved in comparisons of lengths or durations with dif-
ferent scales. Appropriate behaviours under dilatation
have in fact to be considered as symmetry requirements
for the problem of unit definition.
Furthermore, Maxwell equations are also invariant un-
der the group of conformal coordinate transformations
[7,8]. This invariance may be understood as manifest-
ing the insensitivity of light propagation to a confor-
mal metric factor [9], that is also to a change of space-
time scale. The conformal coordinate transformations
not only include transformations from inertial frames to
other inertial frames, but also transformations to acceler-
ated frames [10]. Conformal symmetry should therefore
allow one to derive the shifts of observables under such
transformations to accelerated frames or, in other words,
to obtain redshifts [11] from invariance properties rather
than from covariance properties [12].
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Relativitistic concepts were introduced in the context
of classical relativity where observables are represented
by real numbers which can, in principle, be determined
with arbitrary precision. They have to remain pertinent
in a quantum context where observables possess quantum
fluctuations and can no longer be given a classical repre-
sentation. This raises novel challenges that we may char-
acterise as the definition of a quantum relativity. Possible
ways to take up these challenges are clearly indicated by
the previous arguments. Localisation in space-time has
to be described in terms of quantum observables related
to the symmetry generators of field propagation.
Preliminary results have already been obtained by fol-
lowing this approach [13–15]. The algebraic technique
developed may be characterised as an embedding of the
symmetry algebra in the algebra of quantum observables.
All properties can be derived from the conformal alge-
bra, that is the set of commutators between the sym-
metry generators. The generators contained in quantum
algebra are used to define localisation observables, and
their commutators to describe their quantum commu-
tation relations as well as their relativistic shifts under
frame transformations. As a consequence, localisation
observables can be defined in a quantum framework while
being fully consistent with relativistic requirements. In
the present paper, we will give a complete characterisa-
tion of quantum observables associated with the prob-
lem of localisation in space-time and of their shifts under
transformations to accelerated frames.
An important output of this quantum algebraic tech-
nique is that the shifts do not keep their form unaltered
when transfered from classical to quantum relativity. In
particular, mass and spin number, defined as Casimir in-
variants of the Poincare´ algebra, will be shown to vary
under transformations to accelerated frames. This is not
too surprising since mass and spin number defined in this
manner are quantum observables which cannot be re-
duced a priori to classical numbers. The shift of mass will
be described by a conformal factor depending on position
as expected from the equivalence principle. Although it
is invariant under Poincare´ transformations as well as
dilatations, the spin number will be found to vary un-
der conformal transformations to accelerated frames. Its
variation will be shown to involve further observables rep-
resenting irreducible quadrupole momenta of the quan-
tum distribution of energy-momentum density.
Throughout the main body of the paper, we will con-
sider the generic case of arbitrary field states. To make
the connections of our approach with standard quantum
field theory more explicit, we will however study the spe-
cific cases of 1−photon and 2−photon states in appen-
dices A-C. We will give explicit expressions of the time
reference transfered between remote observers and of the
space-time localisation observables. We will also discuss
a geometrical interpretation of localisation observables.
II. POINCARE´ AND DILATATION ALGEBRAS
As a first step, we recall the basic properties of symme-
try algebras as they are known for Poincare´ and dilata-
tion algebras, and how they are embedded in the quan-
tum algebra of observables.
Poincare´ transformations are described by 10 genera-
tors, namely the 4 components Pµ representing transla-
tions and the 6 independent components of the antisym-
metric tensor Jµν (Jνµ = −Jµν) representing rotations
and Lorentz boosts. All the symmetry properties associ-
ated with special relativity are described by the Poincare´
algebra, that is the set of commutators between these
generators
(Pµ, Pν) = 0 (Jµν , Pρ) = ηνρPµ − ηµρPν
(Jµν , Jρσ) = ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ (1)
In quantum field theory, the symmetry generators are
identified with the conserved quantities derived from
Noether’s theorem [16]. For completeness, we recall the
relations between the symmetry generators and quan-
tum fields in appendix A. The generators Pµ are the
energy-momentum operators whereas the generators Jµν
represent angular momentum components in the four-
dimensional space-time. ηµν is the Minkowski tensor
ηµν ≡ diag (1,−1,−1,−1) (2)
used throughout the paper to raise or lower tensor in-
dices and to express scalar products. We also denote ηρµ
the Kronecker symbol. Commutators of observables are
written as the usual quantum commutators divided by
ih¯
(A,B) ≡ 1
ih¯
[A,B] ≡ 1
ih¯
(AB −BA) (3)
They obey the Jacobi identity
((A,B) , C) = (A, (B,C))− (B, (A,C)) (4)
The relations embedded in Poincare´ algebra mean that
the generators belong to the algebra of quantum observ-
ables with characteristic commutation relations (1). At
the same time, they entail that the generators are rela-
tivistic observables which are shifted under frame trans-
formations according to the same relations (1). Since the
generators are quantum observables, we will have to take
care of their non-commutativity. To this aim, we will
use a symmetrised product which has to be manipulated
with care since it is not associative
A ·B ≡ 1
2
(AB +BA)
A · (B · C)− (A · B) · C = h¯
2
4
(B, (A,C)) (5)
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Occasionally, we will use the dot symbol to represent at
once a symmetrised scalar product of two vectors
A ·B ≡ Aρ · Bρ (6)
Poincare´ algebra has two Casimir invariants, the mass
and the squared spin. The squared mass P 2 is defined
for an arbitrary physical state as the norm of energy-
momentum vector and is invariant under all Poincare´
transformations [17](
Pµ, P
2
)
=
(
Jµν , P
2
)
= 0 (7)
Spin observables are introduced in a relativistic frame-
work through the Pauli-Lubanski vector [16]
Wµ ≡ −1
2
ǫµνρσJνρPσ
(Pµ,Wρ) = 0 (Jµν ,Wρ) = ηνρWµ − ηµρWν (8)
ǫµνλρ is the completely antisymmetric Lorentz tensor
ǫ0123 = −ǫ0123 = +1
ǫµνρσ = −ǫµνσρ = −ǫµρνσ = −ǫνµρσ (9)
The commutators between components of the spin vector
may be written in terms of a spin tensor
(Wµ,Wν) = P
2Sµν = ǫµνρσW
ρP σ (10)
The case of a vanishing mass raises a problem for extract-
ing the spin tensor. This case will be discussed later on.
Spin observables commute with momentum and they are
transverse with respect to momentum
PµSµν = PµW
µ = 0 (11)
Since Wµ is a Lorentz vector, its squared modulus is a
Lorentz scalar that we can write under its standard form
in terms of a spin number s taking integer or half-integer
values
S2 =
W 2
P 2
=
1
2
SµνS
νµ = −h¯2s (s+ 1) (12)
The negative sign in the relation between S2 and s (s+ 1)
corresponds to the fact that spin is a space-like vector.
For the sake of simplicity, we have set the velocity of light
to unity. However, we keep the Planck constant h¯ as the
characteristic scale of quantum effects.
To describe the dilatation symmetry, we enlarge the
Poincare´ algebra by a dilatation generator D and further
commutation relations
(D,Pµ) = Pµ (D, Jµν) = 0 (13)
Generally speaking, commutation relations with D may
be thought as defining the conformal weight of observ-
ables. This weight vanishes for Jµν but not for Pµ. The
spin number is a Poincare´ invariant with a null conformal
weight
(Pµ, s) = (Jµν , s) = (D, s) = 0 (14)
III. LOCALISATION OBSERVABLES
As discussed in the introduction, we intend to define
the space-time position of an event from the symmetry
generators. Precisely, we will use the Poincare´ and di-
latation generators which are symmetry generators for
the electromagnetic field used in Einstein synchronisa-
tion or localisation procedures.
We first recall results which have already been derived
by using a simple two-dimensional model. In a synchroni-
sation procedure, a time reference is transfered between
two remote observers through the exchange of a light
pulse. Classically, this reference is the value of the light
cone variable preserved under field propagation. In quan-
tum theory, a similar reference observable may be de-
fined from the translation and dilatation generators cor-
responding to the field propagating in this single direc-
tion [13]. Since this observable is a transfer variable, i.e.
a light cone variable, its space-time components are only
defined in the direction transverse with respect to the line
of sight. When two transfer procedures are performed
along counterpropagating directions, two light cone vari-
ables may be exchanged between remote observers, allow-
ing them to obtain the position of the other one in space
and time. Basically, this localisation procedure amounts
to associate a position in space-time with the coincidence
event corresponding to the intersection of two light pulses
[14]. Clearly, this description heavily relies on a specific
feature of two-dimensional field theories, namely the ex-
istence of an a priori decomposition of fields in counter-
propagating directions.
In four-dimensional space-time in contrast, such a nat-
ural decomposition is not available. Furthermore, light
rays have an intrinsic transverse extension due to diffrac-
tion and two light rays do not necessarily cross each
other. The description of synchronisation and localisa-
tion procedures may nonetheless be given following the
same ideas. This can be illustrated by using specific elec-
tromagnetic field states, namely 1−photon states for syn-
chronisation and 2−photon states for localisation as anal-
ysed in detail in appendices B-C. As a result, the total
Poincare´ and dilatation generators of the 2−photon field
are sufficient to determine the position of the coincidence
event. In the main body of the paper, we show how a
position in space-time can be defined for an arbitrary
field state from the generators of Poincare´ and dilatation
symmetries.
To build up this definition, we first write the angular
momentum components Jµν of the total field as sums of
orbital contributions having their usual form in terms of
momenta and positions and of spin contributions (10)
Jµν = Pµ ·Xν − Pν ·Xµ + Sµν (15)
These relations alone are not sufficient to determine the
expression of position observables since they do not fix
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their longitudinal part aligned along momentum. A sim-
ple assumption to fix this longitudinal part is to identify
the generator D as the scalar product of momentum and
position vectors [14,15]
D = P ·X (16)
Relations (15-16) lead to the following relation between
position observables, Poincare´ and dilatation generators
P 2 ·Xµ = Pµ ·D + P ρ · Jρµ (17)
The extraction of Xµ from this relation requires a non
vanishing mass, as the extraction of the spin tensor from
(10). We have thus to face two different situations. When
mass associated with the field state vanishes, localisation
observables cannot be completely defined. This corre-
sponds in fact to a synchronisation case and occurs in
particular when the field contains a single photon. We
may then define a transfer observable which is only de-
fined transversely to the transfer propagation and can
be exchanged by two remote observers (see appendix B).
This observable clearly generalises the transfer variable
more easily defined in a two-dimensional quantum field
theory [13]. The latter can be considered as extending the
Newton-Wigner definition of positions [18] in a Lorentz
covariant manner [19].
When the field contains photons propagating in at least
two different directions, the mass no longer vanishes and
the field state provides us with a quantum definition of
space-time localisation observables
Xµ =
Pµ
P 2
·D + P
ρ
P 2
· Jρµ (18)
The algebraic properties of these observables follow from
the symmetry algebras (1,13). The localisation observ-
ables are shifted under translations, dilatation and ro-
tations exactly as ordinary coordinate parameters are
shifted under the corresponding transformations in clas-
sical relativity
(Pµ, Xν) = −ηµν (D,Xµ) = −Xµ
(Jµν , Xρ) = ηνρXµ − ηµρXν (19)
The shifts under translations mean that position observ-
ables Xµ are canonically conjugate to momenta. The
commutators of different components of positions (18)
may also be deduced
P 2 · (Xµ, Xν) = Sµν (20)
These commutators do not vanish in the general case of
a non vanishing spin. This constitutes a manifestation in
the present formalism of the known problem of localis-
ability in the presence of spin [20,21]. This is also a clear
evidence that concepts originating from classical concep-
tions of space-time have to be modified in a quantum and
relativistic theoretical framework.
The observableXµ is a position in time for µ = 0 and a
position in space for µ = 1, 2, 3. Relations (19) thus mean
that a time observable has been defined which is conju-
gate to energy in the same manner as space observables
are conjugate to spatial momenta. An energy-time com-
mutation relation exists which effectively asserts that the
fourth Heisenberg inequality constrains quantum fluctu-
ations of time and energy [22]. The observables Xµ are
built from conserved quantities and, consequently, they
do not evolve due to field propagation. Hence, they are
conceptually different from coordinate parameters used
for describing evolution. In particular, the time observ-
able X0 represents a date, i.e. the position of an event in
time. As a date, it does not evolve and cannot be con-
fused with the affine parameter used to write equations
of motion.
We have thus defined positions in space and time in
a Lorentz covariant manner. Furthermore, we have de-
scribed their transformations under Poincare´ and dilata-
tion generators by Lorentz covariant formulas (19). This
is an answer to the long standing riddle raised by the
relation between time and space definitions in quantum
theory on one hand and relativistic effects associated with
Lorentz transformations on the other hand [23,24].
It is worth stressing that position observables can-
not be defined when the mass associated with the field
state vanishes. To define positions (18), at least 2 pho-
tons propagating in different directions are needed. This
means in particular that the domain of definition of lo-
calisation observables does not cover the space of all field
states since it excludes vacuum and 1−photon states.
Hence, position operators are not self-adjoint. This has
often been considered as an objection against the very
possibility of giving a quantum definition of phase or of
time [25]. However position operators are examples of
hermitic but not self-adjoint observables [26] which have
been repeatedly shown to allow for a rigorously consistent
treatment, as exemplified by the formalism of positive op-
erator valued measures [27,28]. In the present approach,
this problem is dealt with by a calculus operating in the
algebra of observables defined as the enveloping division
ring built on symmetry algebra. This quantum algebraic
calculus is rigorously defined as soon as divisions by P 2
are carefully dealt with which, of course, restricts the
domain of validity of some relations to states where P 2
differs from zero [29].
In the specific case of 2−photon states, a geometric
interpretation of the positions Xµ may be given. It is
analysed in detail in appendix C.
IV. TRANSFORMATIONS TO ACCELERATED
FRAMES
As already discussed in the introduction, invariance of
electromagnetism under the group of conformal trans-
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formations will allow us to deal with tranformations to
accelerated frames.
To this aim, we introduce the whole set of conformal
generators which contains the 11 already discussed gen-
erators, 10 for Poincare´ transformations and 1 for dilata-
tions, and 4 additional ones Cµ representing conformal
transformations to accelerated frames. These generators
may be defined as integrals of the electromagnetic stress
tensor in the usual manner [30]. Conformal invariance
can be rigorously established for quantum electromag-
netic fields [31] . We will consider here that all generators
vanish in vacuum, in consistency with conformal invari-
ance of electromagnetic vacuum [32]. More generally, the
definition of photon number is conformally invariant [33].
More precise statements of these properties are given in
appendix A.
Conformal algebra contains commutators (1,13) com-
plemented by the following ones
(Cµ, Cν) = 0 (D,Cµ) = −Cµ
(Pµ, Cν) = −2ηµνD − 2Jµν
(Jµν , Cρ) = ηνρCµ − ηµρCν (21)
The four new generators are commuting components of a
vector and they have a conformal weight opposite to that
of momenta. Commutators in the second line of (21) de-
scribe the shifts of energy-momentum under transforma-
tions to accelerated frames and will be interpreted in the
following as quantum expressions of the Einstein redshift
law.
To discuss the shifts of observables under transforma-
tions to accelerated frames, we introduce the definition
∆a for such a generic transformation
∆a =
aµ
2
Cµ (22)
where the classical numbers aµ represent accelerations
along the four space-time directions. As a first example,
we evaluate the redshift of mass(
∆a, P
2
)
= 2aµP 2 ·Xµ (23)
This relation could also be considered as defining quan-
tum positions in space-time. As a matter of fact, the
potential energy of a mass in a constant gravitational
field is proportional to mass and to a gravitational po-
tential depending linearly on the position measured along
the direction of gravity. The equivalence between con-
stant gravity and uniform acceleration then implies to
read the redshift of mass as a definition of position [15].
Notice that this expression is valid for vanishing mass
but gives an unambiguous definition of position only for
states corresponding to a non vanishing mass. The mass
shift (23) may also be read as a conformal metric factor
arising in transformations to accelerated frames and de-
pending on position observables as the classical metric
factor depends on classical position [34].
To prevent any confusion, let us emphasise that the
redshift of mass (23) does not constitute a violation but
rather a consequence of conformal symmetry of electro-
magnetism. There is nothing paradoxical in this situ-
ation which is familiar in relativistic theories. For in-
stance, time is an absolute of classical physics which is
shown to vary in relativistic physics as a consequence of
the symmetry of electromagnetism under Lorentz tran-
formations.
After the redshift of mass, we now write the redshift
of momenta as
(∆a, Pν) = aνD − aµJµν
= aνP ·X − aµPµ ·Xν + aµXµ · Pν
−aµSµν (24)
where we have used (15,16,21). This quantum redshift
law differs from the classical one as a consequence of the
spin dependence. When the redshift of mass (23) is evalu-
ated, the spin dependence however disappears as a conse-
quence of transversality relations (11). Notice that both
redshift laws (23-24) have a universal form dictated by
conformal algebra, although the latter form differs from
the classical one.
One aim of the present paper is to derive the shifts
of positions Xµ under transformations to accelerated
frames. This derivation will require further developments
but we may already get some fruitful insights on the uni-
versality of relativistic transformations. To this aim, we
note that the canonical commutators (19) are invariant
under all frame transformations and in particular under
∆a
(∆a, (Pµ, Xν)) = 0 (25)
Jacobi identity (4) then leads to the following relation
((∆a, Xν) , Pµ) = ((∆a, Pµ) , Xν) (26)
Using (19,24), the second expression is explicitly evalu-
ated as
((∆a, Pµ) , Xν) = −ηµνa ·X − aµXν + aνXµ (27)
These results entail that we already know the shift un-
der a translation ((∆a, Xν) , Pµ) of the shift of position
(∆a, Xν) under transformations to accelerated frames.
Furthermore, this expression has a classical form which
generalises in a quantum framework the covariance rules
of classical relativity [15]. It will be used as a consis-
tency test when the complete expression for the shift of
position (∆a, Xν) will be available.
Proceeding further, we notice that momentum, posi-
tion and spin are sufficient to build up a conformal al-
gebra, that is a set of generators satisfying commutators
(21). Indeed, the following expression provides a reali-
sation of conformal generators as non linear functions of
Poincare´ and dilatation generators
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2D ·Xµ − Pµ ·X2 + 2Xρ · Sρµ − Pµ
P 2
S2 (28)
Precisely, commutation relations (21) are obeyed when
Cµ is replaced by this expression. Consequently, the red-
shift laws (23,24) are also unchanged with Cµ replaced by
(28). This does not mean however that the generators Cµ
which represent the symmetry of field propagation under
transformations to accelerated frames may be reduced to
the expression (28). Such a reduction would imply pecu-
liar constraints on the field states which are not satisfied
in general [13,14].
V. QUADRUPOLE OBSERVABLES
We now introduce quadrupole observables which are
precisely defined from the differences between Cµ and
(28). These observables are further observables of inter-
est for the problem of localisation. The characterisation
of this problem comes to an end with this new definition
since the shifts of quadrupoles may be written in terms
of known observables including quadrupoles.
To facilitate reading of forthcoming derivations, it is
convenient to introduce a mass operator defined as the
square root of P 2
M =
√
P 2 (29)
This is a Lorentz scalar with a non null conformal weight
(Pµ,M) = (Jµν ,M) = 0
(D,M) =M (30)
It may then be used to bring the conformal weight of
vectors to zero. In particular, one may define weightless
vectors from momentum and Pauli-Lubanski vectors
Vµ ≡ Pµ
M
Sµ ≡ Wµ
M
(31)
The first one is a velocity vector and the second one a
spin vector. Both obey the following generic relations of
invariance under translations and dilatations, and rota-
tion as a Lorentz vector
(Pµ, Aρ) = 0 (D,Aρ) = 0
(Jµν , Aρ) = ηνρAµ − ηµρAν (32)
These properties allow us to derive the following commu-
tation relations with position and spin observables
(Xµ, Aρ) = ηµρ
V · A
M
− AµVρ
M
(Sµ, Aρ) = Aµρ = ǫµρνσA
νV σ
(Sµν , Aρ) = (ηνρ − VνVρ) (Aµ − {V · A}Vµ)
− (ηµρ − VµVρ) (Aν − {V · A}Vν)
(Sµ
ρ, Aρ) = 2 (Aµ − {V ·A}Vµ)
Aµ = {V ·A}V µ − 1
2
ǫµνρσAνρVσ (33)
The order of V and A does not matter since they com-
mute. We have introduced a tensor representation Aµρ
of the vector Aµ. The scalar V · A commutes with all
observables built upon Poincare´ generators in particular
with position and spin observables. When this scalar van-
ishes, the vector is transverse with respect to momentum
and it therefore obeys simplified relations. In particular,
Sµ is such a transverse weightless vector obeying these
equations.
We now come to a decomposition of the generators
Cµ as sums of already known contributions (28) and of
further ones
Cµ = 2D ·Xµ − Pµ ·X2 + 2Xρ · Sρµ − Pµ
P 2
S2
+2h¯
Qµ
M
(34)
This separation is in fact analogous to equation (15)
where the angular momentum Jµν was written as the
sum of an orbital contribution built on momenta and
positions and of further spin observables which may be
thought of as internal angular momenta. In (34), the
first line represents external contributions to Cµ built on
momenta, position and spin observables while the second
line represents internal contributions describing the dis-
persion of momentum distribution. Observables Qµ will
be called quadrupole momenta in the following. They
are defined so that they scale as the Planck constant h¯
like the spin observables. They obey equations (32), so
that their commutation relations with position and spin
operators are given by (33).
We are now able to write the shifts of localisation ob-
servables under transformations to accelerated frames
(∆a, Xν) =
aν
2
X2 − aµXµ ·Xν
+ aµ
Sµ · Sν
M2
− aν
2
S2
M2
+ aµ
h¯
M2
{ηµνV ·Q− Vµ ·Qν − Vν ·Qµ} (35)
The first two lines correspond to the contribution of the
external part (28) of Cµ. The first line contains terms
proportional to positions which coincide with the shifts
expected from classical relativity. The second line con-
tains terms depending on spin which thus appear as
quantum corrections to classical expressions. Finally, the
third line contains quadrupole corrections. All quantum
corrections, that is spin and quadrupole corrections, scale
as h¯
2
M2
and have to be compared with classical terms scal-
ing as X2. Let us note that quantum terms (second and
third lines) commute with momenta operators, so that
only the classical terms (first line) contribute when the
quantities ((∆a, Xν) , Pµ) are evaluated. In other words,
equations (26-27) are recovered from (35).
The shifts of spin observables may be written similarly
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(∆a, Sν) = aνX · S − aµSµ ·Xν
+
h¯
M
aµQµν (36)
The first line contains classical looking terms while the
second one contains quadrupole corrections. The ten-
sor Qµν is defined from the vector Qµ according to (33).
Here quadrupole terms appear as corrections of order h¯
M
with respect to the standard terms. The classical terms
are such that the squared spin S2 and therefore the spin
number s are preserved. But this is not always the case
for the quadrupole corrections as shown by the following
relation (
Cµ, S
2
)
= 4h¯2
Rµ
M
Rµ = Qµν · S
ν
h¯
= ǫµνρσQ
ρ · S
ν
h¯
V σ (37)
The vector Rµ does not introduce new observables since
it is defined as a four-dimensional vectorial product of
velocity, spin and quadrupole vectors. It is orthogonal to
velocity and spin vectors
VµR
µ = RµVµ = SµR
µ = RµSµ = 0 (38)
Furthermore, it is invariant under translations and di-
latations so that it obeys relations (33) with the simpli-
fication associated with transversality.
The commutation relations of quadrupole components
may also be obtained from conformal algebra
(Qµ, Qν) = 2
{
V ·Q
h¯
Sµν +Rµ · Vν −Rν · Vµ
}
(39)
As an important consequence, the shift of quadrupole
observables under transformations to accelerated frames
may be written in terms of already known localisation
observables including quadrupoles
(∆a, Qν) = aνX ·Q− aµQµ ·Xν
+
h¯aµ
M
{
V ·Q
h¯
Sµν +Rµ · Vν −Rν · Vµ
}
(40)
Hence, it will not be necessary to introduce further ob-
servables to obtain a full characterisation of the shifts of
localisation observables. Expressions (35,36,40) provide
such a characterisation in the general case of an arbitrary
quantum state.
Relations (23) and (37) show that the two Casimir
invariants of Poincare´ algebra are not invariant under
conformal transformations to accelerated frames. The
Casimir invariants of conformal algebra can be obtained
by examining quantities already known to be invariant
under Poincare´ and dilatation generators. There exist
four non trivial quantities of this kind, namely S2, Q2,
V · Q and S · Q. Their shifts under transformations to
accelerated frames are found to be
(Cµ, h¯V ·Q) =
(
Cµ,
Q2
2
)
=
(
Cµ, S
2
)
(Cµ, S ·Q) = 0 (41)
Hence, the three Casimir invariants ci (i = 1, 2, 3) of the
conformal algebra may be built on these quantities
(Cµ, ci) = 0 c1 = h¯V ·Q− S2
c2 = S ·Q c3 = Q
2
2
− S2 (42)
Casimir invariants may then be used to reduce the
quadrupole vector Qµ as a sum of terms lying along ve-
locity and spin vectors and of an extra transverse part
Q̂µ
Qµ = (V ·Q)Vµ + αSµ + Q̂µ
V ·Q = c1
h¯
− h¯s (s+ 1)
α = − c2
h¯2s (s+ 1)
(43)
Commutators between vectors Rµ and Q̂µ may be writ-
ten(
Q̂µ, Q̂ν
)
= βSµν (Rµ, Rν) = γSµν(
Rµ, Q̂ν
)
= h¯γ (ηµν − VµVν)− Q̂µ · Q̂ν
h¯
+ β
Sµ · Sν
h¯
β = 2
V ·Q
h¯
−
(
S ·Q
S2
)2
γ =
Q̂2 − βS2
h¯2
(44)
Since the coefficients V ·Q, α, β and γ may be expressed
in terms of Casimir invariants (42) and of spin number s,
they commute with Poincare´ and dilatation generators
and with each other. However, they do not commute
with Rµ, Q̂µ, Qµ or Cµ.
As shown by relation (37), only the transverse part
Q̂µ of quadrupole momenta is involved in the variation
of squared spin or in the definition of Rµ. We may there-
fore express the condition of invariance of the squared
spin S2 or of the spin number s as the vanishing of Rµ or
equivalently of Q̂µ. In the case of an arbitrary 2−photon
state, relations (C5) show that Qµ only contains terms
lying along velocity and spin vectors. Therefore, Q̂µ and
Rµ vanish for such states which thus correspond to a spin
number preserved under transformations to accelerated
frames. As a consequence of (41), all the scalars V · Q,
α, β and γ are preserved when S2 is preserved. Further-
more, commutation relations (44) show that β and γ van-
ish in this case so that V ·Q and α are directly related to
each other. Then, the shifts (35,36) of position and spin
observables are greatly simplified since the terms pro-
portional to transverse quadrupoles Q̂ vanish. Even in
this simple case however, there remain corrections asso-
ciated with quadrupoles components lying along velocity
and spin vectors. These corrections are already present in
spinless quantum field theory in a two-dimensional space-
time [13,14].
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VI. STEP OPERATORS FOR THE SPIN
NUMBER
We consider now the general case where the spin num-
ber s varies under transformations to accelerated frames.
Since it has a discrete spectrum with only integer or half
integer values, its variation implies that s is an opera-
tor with an infinite spectrum rather than a pure classical
number. This operator changes under transformations
to accelerated frames although its spectrum remains the
same. We show in this section how these properties man-
age to remain compatible. To this aim, we first clarify the
role played by the quadrupole momenta with respect to
the transformation of localisation observables. We intro-
duce polarisation vectors which are orthogonal to velocity
and spin vectors and obey a new kind of non commuta-
tive calculus. Using this calculus, we finally define step
operators which respectively increment and decrement
spin number s along the ladders corresponding either to
integer or to half integer values.
As Rµ, the vector Q̂µ is a weightless vector orthogonal
to velocity and spin and it obeys (38) with Rµ replaced
by Q̂µ. Commutators of Q̂µ with spin are given by (33)
with the transversality simplification. Hence, the follow-
ing operator vanishes when applied onto vectors Rρ and
Q̂ρ
− S2VµV ρ − SµSρ = SµνSνρ − ih¯Sµρ + h¯2s (s+ 1) ηρµ
=
(
Sµ
ν + ih¯sηνµ
)
(Sν
ρ − ih¯ (s+ 1) ηρν) (45)
This is also the case for any vector obtained as a lin-
ear superposition of Rρ and Q̂ρ with coefficients which
may depend on the spin number s. These vectors con-
stitute a linear space which we will call the polarisation
space and consists in all transverse quadrupoles compat-
ible with given velocity and spin vectors. The two vec-
tors Rµ and Q̂µ are orthogonal in the polarisation space.
Their symmetrised scalar product vanishes and their vec-
torial product is aligned along Sµν
R · Q̂ = 0
RµQ̂ν −RνQ̂µ = Q̂νRµ − Q̂µRν = − Q̂
2
h¯
Sµν (46)
In the polarisation space, a multiplication by Sµ
ν ap-
pears as a rotation operator. This geometrical picture
must be dealt with carefully since coefficients depending
on s do not commute with the basis vectors Rµ and Q̂µ,
while these vectors do not commute with the spin vector
Sµ
ρ ·Rρ =
(
Sµ
ρ − ih¯ηρµ
)
Rρ = Rρ
(
Sµ
ρ + ih¯ηρµ
)
Sµ
ρ · Q̂ρ =
(
Sµ
ρ − ih¯ηρµ
)
Q̂ρ = Q̂ρ
(
Sµ
ρ + ih¯ηρµ
)
(47)
The definition (37) of Rµ may be written as such a rota-
tion operation and a similar relation holds for Q̂µ
Rµ = −Sµ
ν
h¯
· Q̂ν S
2
h¯
· Q̂µ = −Sµν · Rν (48)
Using these relations, we may build up superpositions of
Q̂µ and Rµ which are eigenvectors of the rotation opera-
tor {
Sµ
ν + ih¯sηνµ
}{
Rν + isQ̂ν
}
= 0{
Sµ
ν − ih¯ (s+ 1) ηνµ
}{
Rν − i (s+ 1) Q̂ν
}
= 0 (49)
These vectors behave as eigenpolarisations of standard
electromagnetic theory but, once again, the coefficients
appearing in the superpositions depend on the spin num-
ber s and do not commute with the basis vectors. Re-
lations (47-49) thus appear to define a non commutative
calculus in the polarisation space.
Using this calculus, we may introduce step operators
which respectively increment and decrement the spin
number. Precisely, we define operators A±µ through the
following relations
√
s∗Q̂µ
√
s∗ = A
+
µ +A
−
µ√
s∗Rµ
√
s∗ = is∗ ·
(
A+µ −A−µ
)
s∗ = s+
1
2
(50)
We have used a new representation s∗ of the spin number
in order to simplify the form of forthcoming expressions.
The relations (50) may conversely be written
2A∓µ =
√
s∗Q̂µ
√
s∗ ± 1√
s∗
(
Q̂µ
2
+ iRµ
)
√
s∗
=
√
s∗Q̂µ
√
s∗ ∓√s∗
(
Q̂µ
2
− iRµ
)
1√
s∗
(51)
The operators A±µ are eigenpolarisations as in (49)
Sµ
νA∓ν = ih¯
(
1
2
± s∗
)
A∓µ
A∓ν Sµ
ν = ih¯A∓µ
(
−1
2
± s∗
)
(52)
They are transverse vectors obeying (33) and, at the
same time, step operators which respectively increment
or decrement the spin number by unity
A±µ s∗ = (s∗ ± 1)A±µ (53)
Components of incrementing operators commute as
well as components of decrementing operators while in-
crementing and decrementing components do not(
A+µ , A
+
ν
)
=
(
A−µ , A
−
ν
)
= 0(
A+µ , A
−
ν
)
= − ih¯
2
γs∗ (ηµν − VµVν)
+
1
2
(
γ − β
4
)
Sµν − i
2
βs∗
Sµ · Sν
h¯
(54)
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Here again, these relations are reminiscent of commu-
tation relations of annihilation and creation operators
of standard electromagnetic theory with however richer
properties. As a matter of fact, these commutators are
functions of Poincare´ generators and scalars rather than
pure numbers.
Incrementing and decrementing operators could have
been defined differently, for instance by multiplying A±µ
by arbitrary functions of the spin number. The commuta-
tors in the first line of (54) would thus remain unchanged.
Meanwhile the commutators in the second line could no
longer be written in terms of Poincare´ generators only
and they would contain for example terms proportional
to Q̂µ · Q̂ν . This is precisely the reason why we have
chosen the definition (51).
Other remarkable relations are obtained for some ten-
sor and scalar expressions defined as quadratic forms of
the step operators
A±µA
∓
ν −A±ν A∓µ =
ih¯
2
(1± s∗)
(
γ − β
(
1
2
∓ s∗
)2)
Sµν
A±µA
∓ µ =
h¯2
2
(1± s∗)
(
1
2
± s∗
)(
γ − β
(
1
2
∓ s∗
)2)
A±µA
± µ = 0 (55)
Notice that the squared spin S2 is unchanged when the
sign of s∗ is changed. This means that negative values
of the spin number s∗ may be chosen as well as positive
ones. Relations (55) as other ones previously written in
this section are preserved when A+µ and A
−
µ are substi-
tuted to each other while the sign of s∗ is changed. This
symmetry indicates that negative values of s∗ play the
same role as positive ones. The step operators A±µ in-
crement and decrement the spin numbers along ladders
corresponding respectively to integer and half-integer val-
ues of s, that is also half-integer and integer values of s∗.
Expressions (55) vanish for the particular spin numbers
s∗ = ± 12 and s∗ = ±1 which correspond to the funda-
mental rungs of the ladders.
VII. SUMMARY
In this paper, we have confronted the physical require-
ments associated with a relativistic conception of local-
isation in space-time with those arising from quantum
theory. In close connection with Einstein’s conception of
synchronisation or localisation through the exchange of
electromagnetic pulses, we have built up our derivations
upon the conformal algebra which expresses the symme-
tries of electromagnetic theory.
We have given a complete definition of the observables
of interest for this problem, namely position, spin and
quadrupole observables. We have also described their
shifts under frame transformations, including the case of
accelerated frames, and shown that these shifts may be
written in terms of the same observables. We have found
that the redshift of mass naturally fits the equivalence
principle whereas the shifts of other localisation observ-
ables under transformations to accelerated frames differ
from predictions of classical relativity.
Collecting the results of equations (34,43), we obtain
the final expression of the generators of transformations
to accelerated frames
Cµ = 2D ·Xµ − Pµ ·X2 + 2Xρ · Sρµ − Pµ
M2
S2
+
h¯
M
(
h¯
(
α2 + β
)
Vµ + 2αSµ + 2Q̂µ
)
α2 + β = 2
(
c1
h¯2
− s (s+ 1)
)
α = − c2
h¯2s (s+ 1)
(56)
Proceeding similarly with (35,36,43), we write the shifts
of position and spin observables as
(∆a, Xν) =
aν
2
X2 − (a ·X) ·Xν
+
(a · S) · Sν
M2
− aν
2
S2
M2
+
h¯2
M2
(
α2 + β
) (aν
2
− a · V Vν
)
− h¯α
M2
(a · SVν + a · V Sν)
− h¯
M2
(
a · Q̂Vν + a · V Q̂ν
)
(∆a, Sν) = aνX · S − aµSµ ·Xν
+
h¯aµ
M
(
αSµν + Q̂µν
)
(57)
Only the contributions proportional to positions would
have been obtained in classical relativity. All the other
terms may be considered as quantum corrections associ-
ated either with spin or with quadrupole observables.
We have emphasised a particularly important result
which concerns spin transformation. The existence of
transverse quadrupole corrections leads to a variation of
the spin number under transformations to accelerated
frames. It is only in the peculiar case when these cor-
rections vanish that the spin number may be considered
as a classical number, as it is usual in standard quantum
field theory. This occurs for example when the localisa-
tion procedure is performed with 2−photon states. In
the general case in contrast, transverse quadrupoles do
not vanish, so that the spin number has to be treated
as an operator. Its spectrum is an infinite ladder cor-
responding either to integer or to half-integer values. It
remains unchanged under transformations to accelerated
frames whereas the various eigenvectors are mixed. We
have characterised these transformations through the in-
troduction of a non commutative calculus in a polarisa-
tion space orthogonal to velocity and spin. The shift of
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spin number is thus determined by step operators which
increment or decrement s along the ladders of spin eigen-
values.
VIII. PROSPECTS
These results clearly challenge the commonly used the-
oretical methods where quantum and relativistic aspects
are dealt with by combining quantum field theory on one
side and classical relativity on the other one.
Quantum corrections appearing in equations (57) are
proportional to spin or quadrupole observables and they
have their orders of magnitude essentially determined by
a single length scale h¯
M
. Clearly, they have to be in-
terpreted as resulting from irreducible size effects arising
from the quantum nature of observables. It is therefore
natural that difficulties are met when trying to repre-
sent relativistic effects by transformations described by
infinitesimal differential geometry and acting on sizeless
points. In contrast, the results obtained in the present
paper rely on quantum algebraic techniques embedding
the symmetries of relativistic space-time and are thence
more reliable than those based upon a classical represen-
tation of space-time.
As often emphasised, the results obtained in the
present paper have been derived from conformal symme-
try of electromagnetism. It is nevertheless hard to refrain
from thinking that they are worth of consideration in a
more general theoretical context. If we consider for ex-
ample an annihilation process where an electron and a
positron are transformed into 2 photons, the position in
space-time of the 2−photon coincidence event has to be
identified as the position in space-time of the annihilation
event. As explained in appendix C, this position is just
Xµ in the specific case of a 2−photon state. This means
that the position of a physical event involving electrons
has been defined.
The case of a 2−photon state corresponds to the partic-
ular situation where the transverse quadrupoles vanish.
Hence, the spin number may still be used as a classical
number characterising an elementary representation of
quantum field theory while the shifts of observables are
given by simpler relations (57) with Q̂ and β set to zero.
But there also exist composite quantum systems, such
as atoms for example, for which there is no fundamen-
tal reason for transverse quadrupoles to vanish. Then,
transformations to accelerated frames can no longer be
described with the finite dimensional representations of
standard quantum field theory. A consistent description
must involve the full content of conformal algebra and
this unavoidably leads to infinite dimensional represen-
tations where the different eigenvalues of spin lying along
an infinite ladder have to be simultaneously dealt with.
These new features will have to be taken into account,
at some level of accuracy, when analysing experiments
where atoms are placed in acceleration fields [35,36].
On the metrological side, it has to be emphasised that
the definition of units is more and more evolving towards
the use of quantum standards. This evolution not only
results of technological progress but, more basically, of
efforts to improve the universality of the definition of
units. Dilatation symmetry plays a central role in this
context as soon as dilatation is understood as a correlated
change of time, space and mass scales which preserves the
velocity of light and the Planck constant [37–39]. An ap-
propriate behaviour under dilatations is needed to ensure
universality of the relations which connect the electron
mass to its Compton length or to the Rydberg constant.
In the present paper, we have shown that mass defined
as a Lorentz scalar for a field state varies according to
the change of the conformal factor under dilatations or
transformations to accelerated frames. This is just the
expression of the equivalence principle or, equivalently
in a metrological context, of the universality of the defi-
nition of units. Obviously, metrological definitions not
only rely on the physics of electromagnetic fields but
also on the physics of atoms and electrons. Hence, these
metrological reflections appeal for an enlargement of the
present theory of electrons which should incorporate a
more complete implementation of symmetries within the
algebra of quantum observables.
APPENDIX A: CONFORMAL INVARIANCE OF
THE PHOTON NUMBER
We briefly discuss in this appendix the explicit realisa-
tion of the conformal algebra with quantum fields. As its
practical representation will be given by the propagating
fields used when performing time transfer and localisa-
tion in space-time, we shall be concerned with free fields
only. Within the context of Quantum Field Theory, the
generators of propagation symmetries can be constructed
as integrals of the energy-momentum tensor of the field,
that is also as quadratic forms of the quantum fields.
Explicit expressions may be found for instance in [16].
However, these expressions will not be needed in the fol-
lowing, which will only use the general transformation
properties of fields under these symmetries.
When written with normally ordered products, the
generators ∆ are found to vanish in the vacuum state
|vac〉
∆ |vac〉 = 0 (A1)
Such a property is made consistent by the conformal in-
variance of electromagnetic vacuum [32]. More gener-
ally the definition of the number of photons is also con-
formally invariant in electromagnetic theory [33]. This
property may be written by introducing the projector
Πn on the space of n−photon states
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(∆,Πn) = 0 (A2)
Consider now the generic 1−photon state built through
the action of an arbitrary field operator on vacuum
φ† =
∑
i
ϕia
†
i (A3)
φ† is in fact the negative frequency part of a field, that is
also an arbitrary linear superposition of creation opera-
tors a†i where i completely characterises the field modes,
for instance by their momentum and polarisation, and ϕi
are classical field amplitudes. Due to (A2), the action of a
generator ∆ on this 1−photon state is another 1−photon
state. It follows from conformal invariance (A1) of vac-
uum that this state may be expressed as
∆φ† |vac〉 = (∆φ† − φ†∆) |vac〉
= ih¯
(
∆, φ†
) |vac〉 (A4)(
∆, φ†
)
is a linear superposition of creation operators like
φ† which, therefore, commutes with φ† as well as with
other expressions
(
∆′, φ†
)
of the same kind. The prod-
uct of operators in the algebra then translates into the
composition of their commutators
∆∆′φ† |vac〉 = ih¯∆ (∆′, φ†) |vac〉
= −h¯2 (∆, (∆′, φ†)) |vac〉 (A5)
Fields and energy-momentum operators do not com-
mute in general since propagating fields are not invariant
under translation, but the following relation results from
the massless character of the electromagnetic field im-
plied by Maxwell equations(
Pµ,
(
Pµ, φ
†
))
= 0 (A6)
The vanishing mass of 1−photon states is then seen to re-
sult from relations (A5) and (A6). Precisely, one demon-
strates the following equivalent relations
P 2φ† |vac〉 = 0
P 2Π1 = 0 (A7)
In the same manner, 2−photon states can be built as
the result φ†1φ
†
2 |vac〉 of the action of two field operators
defined as in (A3) on vacuum. The actions of generator
∆ on these states are other 2−photon states obtained
through the following relations which have to be com-
pared with relations (A4) holding for 1−photon states
∆φ†1φ
†
2 |vac〉 = ih¯
(
∆, φ†1φ
†
2
)
|vac〉(
∆, φ†1φ
†
2
)
=
(
∆, φ†1
)
φ
†
2 + φ
†
1
(
∆, φ†2
)
(A8)
One proceeds similarly for describing the action of two
generators ∆ and ∆′ on the same 2−photon state
∆∆′φ†1φ
†
2 |vac〉 = −h¯2
(
∆,
(
∆′, φ†1φ
†
2
))
|vac〉(
∆,
(
∆′, φ†1φ
†
2
))
=
(
∆,
(
∆′, φ†1
))
φ
†
2
+
(
∆, φ†1
)(
∆′, φ†2
)
+
(
∆, φ†2
)(
∆′, φ†1
)
+φ†1
(
∆,
(
∆′, φ†2
))
(A9)
Notice that the product of actions on different fields is
commutative. According to relation (A8), the symmetry
generators can be decomposed as sums of actions on a
single field
∆Π2 =
(
∆(1) +∆(2)
)
Π2(
∆(1), φ†1φ
†
2
)
=
(
∆, φ†1
)
φ
†
2(
∆(2), φ†1φ
†
2
)
= φ†1
(
∆, φ†2
)
(A10)
Relation (A9) may then be understood as exhibiting the
distributive property of the product of operators
∆∆′Π2 =
(
∆(1) +∆(2)
)(
∆′
(1)
+∆′
(2)
)
Π2 (A11)
Symmetry generators acting on single fields furthermore
satisfy equation (A7).
APPENDIX B: SYNCHRONISATION WITH
ONE-PHOTON STATES
The quantum description of time transfer has been de-
scribed in detail using the simple model of scalar field
theory in two-dimensional (2d) space-time [13,19]. This
description heavily relied on a specific feature of 2d quan-
tum field theories, namely the existence of an a priori
decomposition of fields in counterpropagating directions.
In the present appendix, we develop a quantum descrip-
tion of time transfer performed in four-dimensional (4d)
space-time by using electromagnetic 1−photon states.
We start from relations (A6) and (A7) which result
from the massless character of the electromagnetic field.
A whole set of other relations results from the conformal
invariance of Maxwell equations [7,8,31]. Transforming
(A6) and (A7) under the action of conformal generators
(21), one obtains
0 = P 2Π1
0 =
(
Pλ · Jλµ + Pµ ·D
)
Π1
0 =
(
2Jλµ · Jλν + Pµ · Cν + Pν · Cµ
)
Π1
+ηµν
(
2D2 − P · C)Π1
0 =
(
Cλ · Jλµ − Cµ ·D
)
Π1
0 = C2Π1 (B1)
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When taken together, relations (B1) constitute a con-
formal invariant characterisation of 1−photon states
which has interesting consequences. The first two of
these relations entail that spin, as defined by Pauli-
Lubanski vector Wµ (8), is proportional to momentum
for 1−photon states
− (PλJµν + PµJνλ + PνJλµ)Π1 = ǫλµνρW ρΠ1
= σǫλµνρP
ρΠ1 (B2)
σ is a Casimir invariant of the whole conformal alge-
bra. In fact, relations (B1) allow one to deduce the three
Casimir invariants of the conformal algebra from σ for
1−photon states.
Then, transfer variables Uµ can be associated with a
given 1− photon state. These transfer variables are de-
fined so that the Poincare´ and dilatation generators have
their classical form
JµνΠ1 = (Pµ · Uν − Pν · Uµ + Sµν)Π1
DΠ1 = Pµ · UµΠ1 (B3)
As a consequence of the vanishing mass, the transfer vari-
ables Uµ are not uniquely defined by relations (B3). They
characterise the position of the photon transversely to
propagation but their longitudinal components are not
defined. This is not a defect but on the contrary a nec-
essary feature for transfer observables used to exchange
information between two remote observers. Using (B2),
one may for instance define transfer variables as
Uµ =
1
P0
· J0µ (B4)
This definition can be seen as generalising the time trans-
fer variables defined in a 2d quantum field theory [13] to
four dimensional space-time.
Then, the third relation in (B1) can be used to solve for
the generators of transformations to accelerated frames
in terms of Poincare´ and dilatation generators and the
Casimir invariant σ. Using (B1,B3), it is then possible
to rewrite conformal generators in terms of the transfer
variables and to deduce the shifts of transfer observables
under transformations to accelerated frames, thus gen-
eralising expressions known for 2d quantum field theory
[13].
APPENDIX C: LOCALISATION WITH
TWO-PHOTON STATES
We now proceed similarly for the problem of locali-
sation. As explained in detail in [14,15], the definition
of a localised event requires the presence of two photons
propagating in different directions. The corresponding
quantum state thus corresponds to a non vanishing mass.
We first evaluate the mass associated with the
2−photon state, using the decomposition (A10) of sym-
metry generators ∆ on operators ∆(1) and ∆(2) acting on
each field. We also use the algebraic relations (A7) asso-
ciated with massless fields for symmetry generators ∆(1)
and ∆(2) as well as their transformed relations (B1) un-
der conformal symmetry. In particular, the momentum
of the 2−photon state is the sum of two momenta each
corresponding to a vanishing mass so that the resulting
mass is obtained as the product of these momenta
P 2Π2 =
(
P (1) + P (2)
)2
Π2
= 2P (1)µP (2)µ Π2 (C1)
This mass does not vanish for 2−photon states with non
parallel momenta. As a consequence, positions Xµ de-
scribing localisation in space-time can be defined from
the symmetry generators according to the general defini-
tion (18).
In the particular case of 2−photon states, we may
give a geometrical interpretation of the definition of Xµ
through the following argument. We first introduce
space-time variables X
(1)
µ and X
(2)
µ for each of the two
photons
1
2
P 2 ·X(1)µ Π2 =
(
Pλ · J (1)λµ + P (1)µ ·D
)
Π2
1
2
P 2 ·X(2)µ Π2 =
(
Pλ · J (2)λµ + P (2)µ ·D
)
Π2 (C2)
These space-time variables correspond to particular
choices of the transfer variables Uµ introduced for
1−photon states through relations (B3). The total mo-
mentum of the 2− photon state has been used to raise the
ambiguity on the longitudinal component of these vari-
ables in a Lorentz covariant way. Then, the space-time
position of the 2−photon system corresponds to half the
sum of these two variables
XµΠ2 =
X
(1)
µ +X
(2)
µ
2
Π2 (C3)
In a classical approximation, a 1−photon state may be
represented as a light pulse and a 2−photon state by two
light pulses [14]. In a 2d theory, two counterpropagat-
ing light pulses have to meet at some space-time position
which is just the position Xµ. In a 4d theory in con-
trast, two rays do not necessarily meet each other but
the relations (C2-C3) nevertheless provide a generalised
geometrical interpretation. If two rays r(1) and r(2) rep-
resent the trajectories of the two photons in space-time
and if r⊥ is defined as the straight line which crosses
these two rays at right angle, then X
(1)
µ and X
(2)
µ are the
intersection points of r(1) and r(2) with r⊥ and Xµ is the
middle point of the segment joining X
(1)
µ and X
(2)
µ .
The conformal generators acting on each photon are
then deduced from relations (B1)
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J (1)µν Π2 =
(
P (1)µ ·X(1)ν − P (1)ν ·X(1)µ + S(1)µν
)
Π2
S(1)µν = 2ǫµνρλP
(1)ρP
λ
P 2
σ(1)
D(1)Π2 = P
(1)
µ ·X(1)µΠ2
C(1)µ Π2 =
(
2D(1) ·X(1)µ − P (1)µ ·X(1)
2
+X(1)λ · S(1)λµ
+
P
(2)
µ
P 2
(
4σ(1)
2
+ 1
))
Π2 (C4)
Similar relations hold for labels (1) and (2) interchanged.
The sum of these 1−photon generators then provides
an expression for symmetry generators associated with
2−photon states
JµνΠ2 = (Pµ ·Xν − Pν ·Xµ + Sµν)Π2
DΠ2 = P ·XΠ2
CµΠ2 =
(
2D ·Xµ − Pµ ·X2 + 2Xρ · Sρµ − Pµ
P 2
S2
+σ2
Pµ
P 2
− 2σWµ
P 2
)
Π2 (C5)
CµΠ2 is thus the sum of the external part (28) of confor-
mal generators to accelerated frames written in terms
of Poincare´ and dilatation generators and of two fur-
ther terms respectively aligned along momentum Pµ and
Pauli-Lubanski spin vector Wµ. This entails that the
spin number is invariant under all conformal transforma-
tions for arbitrary 2−photon states. The parameter σ is
a conformal invariant of the 2−photon state obtained by
summing up the Casimir invariants associated with each
photon
σ = σ(1) + σ(2) (C6)
The set of observables for the 2−photon state may be
completed by adding to the previous ones further combi-
nations characterising the internal structure of the sys-
tem
∆Pµ = P
(2)
µ − P (1)µ
∆Xµ = X
(2)
µ −X(1)µ
∆σ = σ(2) − σ(1) (C7)
Vectors P , ∆P and ∆X can be seen to describe a triad
of orthogonal vectors
P ·∆P = P ·∆X = ∆P ·∆X = 0
∆P 2 = −P 2 (C8)
Furthermore, explicit computation shows that these
quantities determine the spin associated with the
2−photon state
WµΠ2 =
(
−1
2
ǫµνλρP
νSλρ
)
Π2
=
(
−1
2
ǫµνλρP
ν∆Pλ∆Xρ +∆Pµ∆σ
)
Π2 (C9)
These expressions provide a simple geometric interpreta-
tion for the spin of the 2−photon state as the sum of two
contributions. The first one is the spatial angular mo-
mentum of the two non-intersecting rays associated with
the two photons, while the second one arises from the
individual spins of the two photons.
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